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The development of novel electrolytes and electrodes for supercapacitors is hindered by a gap of
several orders of magnitude between experimentally measured and theoretically predicted charging
time scales. Here, we propose an electrode model, containing many parallel stacked electrodes, that
explains the slow charging dynamics of supercapacitors. At low applied potentials, the charging be-
havior of this model is described well by an equivalent circuit model. Conversely, at high potentials,
charging dynamics slow down and evolve on two relaxation time scales: a generalized RC time and
a diffusion time, which, interestingly, become similar for porous electrodes. The charging behavior
of the stack-electrode model presented here helps to understand the charging dynamics of porous
electrodes and agrees qualitatively with experimental time scales measured with porous electrodes.
In the electric energy storage domain, supercapacitors
[Fig. 1(a)] have proven their value in applications requir-
ing higher power output than delivered by batteries and
more energy than stored in dielectric capacitors [1–4].
Many types of carbon-based materials have been used
for the capacitor’s electrodes [5–7]. However, the rela-
tion between the porous structures and the charging dy-
namics of macroscopic supercapacitors is poorly under-
stood. On the one hand, transmission line (TL) models
[8–11] can successfully fit experimental data, but the fit
parameters therein do not have a direct interpretation in
terms of microscopic properties of supercapacitors. On
the other hand, molecular dynamics simulation [12–17],
lattice Boltzmann simulations [18, 19], and classical dy-
namic density functional theory [20–22] can elucidate the
charging mechanisms of a single or a few nanopores or
a nanoscale anode-cathode model, but predicted relax-
ation time scales are of the order of ns, roughly 12 or-
ders of magnitude smaller than experimentally measured
103 s timescales of supercapacitors [23–26]. To describe
the charging of supercapacitors, one needs to account for
both the ionic currents from the ion reservoir that sep-
arates the anode and cathode through a macropore net-
work into the nanopores (micrometers) and for the elec-
tric double layer (EDL) buildup therein (nanometers).
Clearly, such a multi-scale analysis cannot be performed
with the above mentioned simulation techniques alone,
as computational power limits simulations to nanoscale
systems. In this Letter, we present a minimal model to
explain the long experimental relaxation timescales of su-
percapacitors instead.
The canonical model describing ionic charge relax-
ation to an applied electric field employs a dilute 1:1
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Figure 1. (a) Sketch of a supercapacitor containing a 1:1
electrolyte, two porous electrodes, and a battery providing
an electrostatic potential difference 2Ψ. (b) In our stack-
electrode model, the cathode and anode each contain n pla-
nar electrodes at intervals of h. Initial anionic and cationic
densities are ρb throughout the cell. At time t = 0, −Ψ and
+Ψ are applied to all electrodes on the left and right-hand
side of the system, respectively. (c) Equivalent circuit model
for the stack-electrode model.
electrolyte and two parallel and planar blocking elec-
trodes separated by a distance 2L [27]. Suddenly ap-
plying a potential difference 2Ψ with a battery, the two
electrodes will acquire opposite surface charge densities
±eσ(t), screened in the electrolyte by two EDLs, whose
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2equilibrium width is characterized by the Debye length
κ−1 =
√
εkBT/2e2ρb, with 2ρb the bulk ion number
density, ε the electrolyte permittivity, e the elementary
charge, and kBT the thermal energy. At late times
and for κL  1, σ(t) = 2Φρbκ−1 [1− exp (−t/τRC)],
with 2Φ = 2eΨ/kBT the dimensionless applied poten-
tial, τRC = κ
−1L/D the RC time, and D the ionic
diffusion coefficient [27–29]. Inserting typical experi-
mental parameters κ−1 ≈ 1 nm, L ≈ 250 µm, and
D ≈ 1× 10−9 m2 s−1 yields τRC ≈ 10−4 s: larger than
the timescales predicted by molecular simulations, but
still five orders of magnitude smaller than the experi-
mental charging time of supercapacitors. This discrep-
ancy comes as no surprise as the above σ(t) applies to
planar electrodes: this model does not account for the
huge surface area and for the ion transport through the
porous structure of the supercapacitor electrodes. Sim-
ple extensions of the flat electrode setup were discussed,
such as spherical and cylindrical electrodes [19, 30] and
a single cylindrical pore in contact with a reservoir [9].
Several theoretical works focused on the charging dy-
namics of porous electrodes [31–37]. Still, the gap be-
tween experimental and theoretical supercapacitor charg-
ing timescales has not been bridged yet.
To explain why the charging time of macroscopic
porous electrodes [Fig. 1(a)] is much larger than that
of flat electrodes, in this Letter, we will characterize the
charging dynamics of the model shown in Fig. 1(b) and
also compare it to the charging dynamics of the circuit
shown in Fig. 1(c). In our model, the nanoporous cath-
ode and anode of a supercapacitor are both modeled by
a stack of n parallel electrodes with an equal spacing h
mimicking the pore size, such that the thickness of the
cathode and anode equals H = (n−1)h. The surface area
A of all individual electrodes is assumed to be sufficiently
large that we can ignore edge effects and study all micro-
scopic observables as a function of a single coordinate x
perpendicular to the electrode surfaces. We adopt a co-
ordinate system whose origin lies in the middle (x = 0)
of the system and where the ith cathode and anode, with
i = 1, . . . , n, are located at Xi = ±[L+(i−1)h]. All par-
allel stacked electrodes are fully permeable to the elec-
trolyte in order to mimic the porosity of supercapacitor
electrodes, except the two outer ones (i = n) which are
impermeable to have a closed system [cf. Eq. (2b)]. The
ionic number densities ρ±(x, t) and ionic fluxes j±(x, t)
are thus continuous at each Xi. Initially, the ionic num-
ber densities are homogenous
ρ±(x, t = 0) = ρb, |x| ≤ L+H. (1)
At time t = 0, a dimensionless potential difference 2Φ
is applied to the macroscopic cathode and anode. This
yields the following boundary conditions for t > 0,
φ(±Xi, t) = ±Φ; (2a)
j±(±Xn, t) = 0 , (2b)
with φ(x, t) the electric potential in units of the thermal
voltage kBT/e. To model the ionic dynamics, we use the
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Figure 2. Time dependence of the scaled (a) potential φ(x, t)
and (b) the surface charge densities σi(t) for i ∈ {1, .., 5} of
the electrode for Φ = 0.001, κL = 100, H/L = 1, and n = 5.
The symbols and lines in (b) correspond to numerical and
equivalent-circuit model calculations, respectively.
classical Poisson-Nernst-Planck (PNP) equations [27]
∂2xφ(x, t) = −κ2
[
ρ+(x, t)− ρ−(x, t)
2ρb
]
; (3a)
∂tρ±(x, t) = −∂xj±(x, t); (3b)
j±(x, t) = −D [∂xρ±(x, t)± ρ±(x, t)∂xφ(x, t)] . (3c)
In Eqs. (1), (2), and (3) appear the applied potential Φ
and 4 length scales: h, H, L, and κ−1. With these param-
eters, we can construct many different combinations that
yield 1+3 independent dimensionless parameters, for in-
stance: Φ, κL, κH, and κh or, equivalently, Φ, κL, H/L,
and n. We focus here on the latter choice and mostly
restrict to H/L = 1, which is reasonable for supercapac-
itors.
In Fig. 2(a), we present numerical results for φ(x, t)
for a low potential Φ = 0.001 and κL = 100, H/L = 1,
and n = 5. These parameters correspond to κh = 25,
which means that the EDLs are thin compared to the
electrode separations. Initially, the potential in the reser-
voir (|x| < L) displays a typical linear x dependence,
which corresponds to a spatially constant electric field.
At later times, the potential retains this linear depen-
dence in the reservoir, albeit with a slope that decreases
with time due to the build-up of EDLs. At short times
t/τRC ≤ 20, there is a clear asymmetry between the two
EDLs that surround individual planar electrodes. This
asymmetry is lost at later times t ≥ 20τRC , when the
EDLs fully equilibrate.
For the same parameters, in Fig. 2(b) we show the
surface charge densities eσi of the individual electrodes
(labeled with i), which we find with Gauss’ law σi(t) =
−2ρbκ−2[∂xφ|X+i − ∂xφ|X−i ]. At early times t < τRC , the
electrodes charge faster the closer they are situated to
the reservoir, σ1 > σ2 > ... > σn. However, the late-
time relaxation timescale is the same for all electrodes:
all electrodes reach 99.9% of their equilibrium charge
around t/τRC ≈ 50. As the outer electrodes face the elec-
trolyte only at one side, we have ∂xφ|X+n = ∂xφ|−X−n = 0,
and σn(t/τRC → ∞) is a factor two smaller than the
other electrodes. To better understand these phenom-
3ena, we studied the behavior of the circuit model shown
in Fig. 1(c). Note the great similarity of this model to
traditional TL models used for fitting experimental data:
the only difference is the capacitance C of the outer-
most capacitor, rather than 2C in the TL model (see
also Appendix A 4). However, in contrast to the TL
model, where R, C, and n are fit parameters, the ele-
ments of the circuit in Fig. 1(c) are all one-to-one related
to electrolyte and electrode properties of our microscopic
model, R = 2L/(Aεκ2D) and C = Aεκ. In Appendix A
we derive predictions for the time-dependent charge on
each capacitor in this circuit, which translates into a pre-
diction for σi(t) in the corresponding microscopic model,
shown in Fig. 2(b) with symbols. Clearly, the predictions
from the microscopic and circuit model are indistinguish-
able. In line with our earlier observation, the equivalent-
circuit model predicts that all electrodes relax exponen-
tially at late times with the same time constant τn given
by
τn
τRC
=
(
2 + 0.75
H
L
)
n− 1− 0.91H
L
, (4)
which correctly reduces to τ1 = τRC for n = 1 (for which
H/L = 0). The coefficients 2 and 1 appearing here are
analytical results obtained in the limit H/L → 0. The
other numerical factors in Eq. (4) are related to the small-
est eigenvalue of an almost-Toeplitz matrix [cf. Eq. A11]
that relates n potential drops over the capacitors to n
(coupled) currents through the resistors. From Eq. (4)
we see that τn is large whenever n is large. This suggests
that the large relaxation time of supercapacitors stems
from their large internal surface area, achieved through
many small pores.
Because supercapacitors are typically subjected to
large potentials in practical applications, we also char-
acterize the dynamics of the stack-electrode model at
Φ > 1. In Fig. 3(a), (c), and (e) we present data for
Φ = {0.01, 0.1, 1, 2}, κL = 100, and n = 1 (hence
H/L = 0). For this two-electrode setup, it is known
that, next to τRC , the diffusion time L
2/D emerges in
the ionic relaxation due to slow salt diffusion from the
cell center to the electrode surfaces [27, 29, 40]. In-
deed, Fig. 3(a) shows that the normalized surface den-
sity σn(t)/σeq, with σeq ≡ σn(t/τRC → ∞) the late-
time surface charge density, develops slower at higher
Φ. Next, Fig. 3(c) shows the cell-center salt concentra-
tion c(t) = [ρ+(0, t) + ρ−(0, t)]/(2ρb) for the same Φ.
We see that c(t) ≈ 1 for Φ ≤ 0.1 and that c(t) de-
creases at late times (t/τRC > 10) by 0.1-1% for Φ = 1
and 2: As our setup is closed, a net ionic adsorption
on the electrodes “desalinates” the cell center [41]. To
investigate the emergence of the slow timescale at large
applied potentials, in Fig 3(e) we show the charge re-
laxation 1 − σ(t)/σeq (solid lines) and the concentra-
tion decay (c(t) − ceq)/(1 − ceq) (dashed lines), where
ceq ≡ c(t/τRC → ∞). At early times (t/τRC < 1), all
data for 1−σ(t)/σeq collapse onto the Φ = 0.01 curve, in-
dicating that the initial ionic relaxation is described well
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Figure 3. The surface charge density (a, b) σ(t)/σeq, the
cell-center salt concentration (c, d) c(t), and the charging
relaxation (e, f) 1 − σ(t)/σeq (solid lines) and the concen-
tration decay (c(t) − ceq)/(c(0) − ceq) (dashed lines) of the
stack-electrode model for κL = 100, in (a)-(c)-(e) for n = 1,
H/L = 0 at potentials Φ = {0.01, 0.1, 1, 2}, and in (b)-(d)-(f)
for Φ = 2 and H/L = 1, at n = {2, 3, 6}.
by the equivalent circuit model, even for higher Φ. There-
after, a second, slower relaxation emerges in 1−σ(t)/σeq,
emerging more dominantly for higher Φ. At late times,
the slopes of 1 − σ(t)/σeq and (c(t) − ceq)/(1 − ceq) are
the same. Numerical results [cf. Fig. B2(d)] for the ad-
sorption timescale τad, the inverse of these slopes, show
that τad/τRC is independent of Φ (for all Φ considered)
and scales linearly with κL. Using the definition of τRC ,
we then recover the L2/D-scaling of τad suggested by
Ref. [27, 29].
To investigate the effect of n > 1 for high potentials, in
Fig 3(b), (d), and (f) we plot the same observables as in
Fig 3(a), (c), and (e), now for Φ = 2, κL = 100, H/L = 1,
and n = {2, 3, 6}. Similar to our Φ = 0.001-findings
[condensed in τn of Eq. (4)], we see that the charging
dynamics at Φ = 2 also slows down with increasing n.
The cell-center salt concentration c(t) [Fig. 3(d)] is again
unaffected at early times t/τRC < 5, after which it de-
cays to an equilibrium value that decreases with n. Our
model thus recovers the intuition that for two electrodes
of the same volume, the one with more pores (and hence
a large surface area) desalinates an electrolyte reservoir
more. In Fig. 3(f) we see that the surface charge again
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The prefactor α of [Eq. (5)] as a function of κh for κL = 500
with a linear fit through the data in (a); κL = 300 and 400
with identical results.
decays on two distinct timescales. Plotting the same data
with time scaled by τn instead of by τRC [cf. Fig. B3(c)],
all 1−σ(t)/σeq collapse for t ≤ τn, which shows that the
circuit model decently describes the early-time relaxation
at high potentials as well. Conversely, at late times, we
see in Fig. 3(f) that 1−σ(t)/σeq and (c(t)−ceq)/(1−ceq)
decay exponentially with a time constant τad that does
not depend on n for the parameter set under considera-
tion. Considering a larger set of κL, κh, and n, we show
τad in Fig. 4(a). From this figure we conclude that
τad = α
(H + L)2
D
, (5)
hence, the adsorption time τad depends on the total sys-
tem size. We show the κh-dependent prefactor α in
Fig. 4(b) for various κL, which reveals that α is κL inde-
pendent and that α ≈ 0.1 for κh > 10, while α increases
with decreasing κh ≤ 10.
Since τn [Eq. (4)] and τad [Eq. (5)] depend on κL, κh,
and n differently, both τad/τn  1, τad/τn ≈ 1, and
τad/τn  1 are possible. Focussing here on n 1, which
is relevant to macroscopic electrodes, we find
τn
τad
≈

0.75
ακh
H
L
L H;
0.69
ακh
L = H;
2
ακh
H
L
L H.
(6)
For H/L = 1 (and n  1) we find that τn/τad ∼ 1
whenever κh < 10.
Finally, it is interesting to determine the applicability
of our stack-electrode model to experiments: We consider
here the setup of Ref. [25], where two carbon electrodes
of thickness H = 0.5 mm, separation 2L = 2.2 mm,
porosity p = 0.65, mass density % = 5.8 × 105 g m−3,
and Brunauer-Emmett-Teller-area ABET = 1330 m
2 g−1
were used. Assuming each porous electrode to consist of
two flat solid carbon slabs, we get a crude estimate for
the pore size with h = p/(%ABET ) = 0.84 nm. The elec-
trodes were immersed in a 1 M NaCl solution at room
temperature, hence, κ−1 = 0.3 nm and bulk diffusivity
D = 1.6 × 10−9 m2 s−1. [We ignore that D is smaller
in nanopores [31, 39] and that different diffusivities may
appear in Eqs. (4) and (5) [42].] These parameters cor-
respond in our model to H/L = 0.45, n = 5.9 × 106,
and κh = 2.8 hence α = 0.3. With Eqs. (4) and (5) we
now find τn = 2.9× 102 s and τad = 4.8× 102 s, roughly
within one order of magnitude from the two timescales
(2 × 102 s and 9 × 103s) observed in the experimental
data of Ref. [25] (see Appendix C). Given the simplicity
of our model and crudeness of our estimates of κh, n, and
D, the remaining discrepancies are not surprising. Yet,
the stack-electrode model has bridged the five-orders-of-
magnitude gap between experimental relaxation times
and those predicted in the n = 1 model.
In summary, we studied the charging dynamics of
nanoporous electrodes with a simple electrode model.
At small applied potentials, numerical simulations of the
PNP equations are reproduced accurately by an equiv-
alent circuit model. This circuit model is akin to TL
models used often to fit experimental supercapacitor
data. Notably, however, the resistances, capacitances,
and number of branches in the circuit model are not
fit parameters but physically determined by our micro-
scopic model. This one-to-one relation allows us to in-
terpret the long relaxation time of supercapacitors as
being due to large number of pores n in nanoporous
electrodes: The stack-electrode model relaxes with the
timescale τn ∼ (2 + 0.75H/L)nτRC . At higher poten-
tials, the surface charge relaxes at early times with τn.
Higher potentials, however, lead to slow salt adsorption
in the EDLs and concomitant depletion of the reservoir
on the timescale τad ∼ (L + H)2/D. As salt and charge
transport are coupled, the long timescale τad also governs
the late-time surface charge relaxation, all the more so
the higher the applied potential. The two time scales τn
and τad differ orders of magnitude for small n but become
similar when electrodes have many pores, as is the case
for supercapacitors. Inserting parameters relating to a re-
cent experimental study [25], our simple model predicts
the two observed relaxation times roughly within one or-
der of magnitude. Our model thus successfully bridged
the five-orders-of-magnitude gap between theoretically
predicted and experimentally measured timescales, and
could serve as a basis for extensions that break the planar
symmetry. However, more work is needed to fully under-
stand the charging dynamics of porous capacitors, which
should include effects due to finite ion sizes, more real-
istic modeling of pore morphology, Faradaic reactions,
position-dependent diffusion coefficients, etc.
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Appendix A: Equivalent circuit model
We discuss an equivalent circuit model that describes
the charging dynamics of the stack-electrode model well.
Before turning to the general n case, we first discuss the
easier n = 1 and n = 2 cases (see also Ref. [38]).
1. The case n = 1
The trivial n = 1 case can be described by the cir-
cuit model shown in Fig. A1. The electric double layers
(EDLs) on each electrode are modeled with a capacitor
of capacitance C. The electrolyte resistance is modeled
through a resistor of resistance R. At t = 0 a voltage
R
−Ψ Ψ
C C
−Ψ+∆Ψ(t) Ψ−∆Ψ(t)
1
Figure A1. Equivalent circuit model for the stack electrode
model in the trivial case n = 1.
source is switched on to provide a potential difference
of 2Ψ. The capacitors, initially uncharged, will acquire
a charge Q(t) = C∆Ψ(t) with ∆Ψ(t) being the time-
dependent voltage difference between either sides of the
capacitors. The current that flows through the system is
found via Ohm’s law, IR = [Ψ−∆Ψ(t)]−[−Ψ+∆Ψ(t)] =
2[Ψ−∆Ψ(t)]. With I = Q˙(t) = C∆Ψ˙(t), we find
∆Ψ˙(t) = [Ψ−∆Ψ(t)] 2
RC
, (A1a)
∆Ψ(t = 0) = 0 , (A1b)
which is solved by
∆Ψ(t) = Ψ
[
1− exp
(
− 2t
RC
)]
. (A2)
To relate this result to the relaxation of EDLs that we are
trying to mimic, note that the EDL capacitance and elec-
trolyte resistivity read C = Aκ and R = 2L/(Aκ2D),
respectively; hence, RC = 2τRC = 2κ
−1L/D.
2. The case n = 2
For n = 2, we need to account for the fact that the in-
ner electrode (i = 1) is facing the electrolyte twice, while
the outer electrode (i = 2) faces it only once: we use
2C and C for the different capacitors, respectively, see
Fig. A2. For this circuit, the charge on each of the capac-
R, I
−Ψ Ψ
C 2C 2C C
−Ψ + ∆Ψ1 Ψ−∆Ψ1
R′ R′
−Ψ + ∆Ψ2 Ψ−∆Ψ2
I1 I2
1
Figure A2. Equivalent circuit model for the stack electrode
model at n = 2.
itors (index increasing outwards) is Q1(t) = 2C∆Ψ1(t)
and Q2(t) = C∆Ψ2(t). Meanwhile, for the currents I,
I1, and I2 we have I = I1 + I2 (Kirchoff’s law), and
IR = 2[Ψ−∆Ψ1(t)] and I2R′ = ∆Ψ1(t)−∆Ψ2(t) (Ohm’s
law). Combining the above equations gives two coupled
differential equations
∆Ψ˙1(t) =
I1
2C
=
Ψ
RC
−
(
1
RC
+
1
2R′C
)
∆Ψ1(t)
+
1
2R′C
∆Ψ2(t) , (A3a)
∆Ψ˙2(t) =
I2
C
=
1
R′C
∆Ψ1(t)− 1
R′C
∆Ψ2(t) , (A3b)
∆Ψ1(t = 0) = 0 , (A3c)
∆Ψ2(t = 0) = 0 . (A3d)
In matrix form this reads
˙(∆Ψ1(t)
∆Ψ2(t)
)
= − 1
2R′C
(
1 + 2R′/R −1
−2 2
)(
∆Ψ1(t)
∆Ψ2(t)
)
+
Ψ
RC
(
1
0
)
, (A4)
which can be written as X˙ = Y −MX, with
X ≡
(
∆Ψ1(t)
∆Ψ2(t)
)
, Y ≡ Ψ
RC
(
1
0
)
,
M ≡ 1
2R′C
(
1 + 2R′/R −1
−2 2
)
≡ UDU−1 , (A5)
with UU−1 = U−1U = 1 and D =
1
2R′C
(
λ+ 0
0 λ−
)
.
Here, U is composed of the orthonormal eigenvectors of
6M , with eigenvalues λ±. To find the formal solution to
X˙ = Y −MX, note that U−1X˙(t) = U−1Y −DU−1X(t)
is solved by U−1X(t) = exp [−Dt]a + D−1U−1Y . The
constant a is fixed by the boundary condition U−1X(t =
0) = 0,
U−1X(0) = a+D−1U−1Y = 0
⇒ a = −D−1U−1Y , (A6)
such that the full solution reads X(t) = U(1 −
exp [−Dt])D−1U−1Y , which can be written as
X(t) = U

[
1− exp
(
− λ+t
2R′C
)]
1
λ+
0
0
[
1− exp
(
− λ−t
2R′C
)]
1
λ−
U−1Y .
We see that the late-time relaxation of X(t) is deter-
mined by the smallest eigenvalue of M . For the stack
electrode system, the resistance scales linearly with the
width of the respective electrolyte regions. Specifying to
H = L, we find R′/R = H/(2L) = 1/2. The eigenvalues
of M then follow from (2 − λ)(2 − λ) − 2 = 0, which
amounts to λ± = 2 ±
√
2. We see that the long-time
relaxation is determined by τ = 2R′C/λ− = RC/λ− =
(2 +
√
2)κ−1L/D.
3. general n case
We redraw Fig. 1(c) and introduce additional notation
in Fig. A3. Similar to the previous subsection, the outer
capacitor has a capacitance C, while all inner capacitors
have 2C, as they mimic electrodes with electrolyte on
either sides.
The charge on each of the capacitors is
Q1(t) = 2C∆Ψ1(t) , (A7a)
...
Qn−1(t) = 2C∆Ψn−1(t) (A7b)
Qn(t) = C∆Ψn(t) . (A7c)
Kirchoff states
I = I1 + I12 , (A8a)
I12 = I2 + I23 , (A8b)
...
I(n−2)(n−1) = I(n−1) + I(n−1)n , (A8c)
I(n−1)n = In , (A8d)
which gives I = I1 + I2 + .... + In. For the different
currents, Ohm’s law reads
IR = 2[Ψ−∆Ψ1(t)] , (A9a)
I12R
′ = ∆Ψ1(t)−∆Ψ2(t) , (A9b)
I23R
′ = ∆Ψ2(t)−∆Ψ3(t) , (A9c)
...
I(n−1)nR′ = ∆Ψ(n−1)(t)−∆Ψn(t) . (A9d)
Combining the above equations gives n coupled differen-
tial equations
R, I
−Ψ Ψ
2C 2C 2C 2C C
Ψ−∆Ψ1
R′ I12
Ψ−∆Ψ2
I1 I2R′R′
Ψ−∆Ψn
InI23
I3
1
Figure A3. Equivalent circuit model for the stack electrode model at n.
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Figure A4. The slowest relaxation time τn of a n-electrode model as obtained with the smallest eigenvalue λ− of the tridiagonal
matrix M [cf. Eq. (A11)]. The lines in (a) indicate the least-squares fit τn/τRC = f1 + f2n through the data up to n = 250.
In (b) we then find the fits f1 = −1− 0.91H/L, and f2 = 2 + 0.75H/L.
∆Ψ˙1(t) =
I1
2C
=
I − I12
2C
=
Ψ
RC
−
(
1
RC
+
1
2R′C
)
∆Ψ1(t) +
1
2R′C
∆Ψ2(t) , (A10a)
∆Ψ˙2(t) =
I2
2C
=
I12 − I23
2C
=
1
2R′C
∆Ψ1(t)− 1
R′C
∆Ψ2(t) +
1
2R′C
∆Ψ3(t) , (A10b)
...
∆Ψ˙n(t) =
In
C
=
1
R′C
∆Ψ(n−1)(t)− 1
R′C
∆Ψn(t) , (A10c)
∆Ψ1(t = 0) = 0 , (A10d)
...
∆Ψn(t = 0) = 0 . (A10e)
In matrix form this is
˙
∆Ψ1(t)
∆Ψ2(t)
∆Ψ3(t)
...
∆Ψn(t)
 = ΨRC

1
0
.
.
0
− 12R′C

1 +
H
L(n− 1) −1
−1 2 −1
−1 . . . . . .
. . .
. . . −1
−1 2 −1
−2 2


∆Ψ1(t)
∆Ψ2(t)
∆Ψ3(t)
...
∆Ψn(t)
 , (A11)
which we again write as X˙ = Y −MX, where M is now a tridiagonal matrix that is Toeplitz except for two elements
(M1,1 andMn,n−1). Note that, for the top left element we usedH = h(n−1) to rewrite R′/R = h/(2L) = H/[2L(n−1)]
hence 1 + 2R′/R = 1 +H/[L(n− 1)]. Again diagonalizing M as M = UDU−1, the formal solution to A11 reads
X(t) = U(1− exp [−Dt])D−1U−1Y , (A12)
with
1− exp [−Dt] = 1−

exp
[
− tλ1
2R′C
]
. . .
exp
[
− tλn
2R′C
]
 (A13)
We used the above model to derive two key results of
the main text. First, to obtain the data in Fig. 2(b)
we diagonalized M numerically for the case n = 5.
With the resulting equivalent circuit potential differences
8∆Ψi(t) encoded in X(t) [Eq. (A12)], we determine the
surface charge densities Aeσi(t) = Ci∆Ψi(t) on the elec-
trodes of the stack electrode model. To do that, we use
C = Aκ, Φ = eΨ/kBT , and X(t) = Ψf(t), to write
σi(t) = [kBT/(e
2κ−1)]Φf(t) = 2ρsκ−1Φf(t). Results
are shown in Fig. 2(b) with lines. In the same figure, we
show numerical results of the PNP equation [Eqs. (1),
(2), and (3)] with symbols. We see that, for Φ  1 and
κL > κh 1, the equivalent circuit model describes the
behavior of the stack electrode model very well.
Second, to obtain Eq. (4), we proceed as follows. Writ-
ing λ− = min{λ1, ..., λn}, the longest relaxation time
reads τn = 2R
′C/λ− = τRC × 2H/[L(n − 1)λ−]. We di-
agonalized M numerically for various n and H/L to find
λ−. The resulting τn, shown with symbols in Fig. A4(a),
can be accurately approximated by τn = τRC(f1 + f2n):
for the three H/L values considered, the residual of a
least square fit was at most R2 = 0.00034. In Fig. A4(b)
we see that the coefficients f1 and f2 are roughly linear in
H/L. We performed a second least-squares fit to deter-
mine the coefficients a1, b1, a2, and b2 in f1 = a1+b1H/L
and f2 = a2 + b2H/L. Note, however, that we can de-
termine a1 and b1 analytically. In the limit H/L → 0,
i.e., R′/R→ 0, all capacitors in Fig. A3 are connected in
parallel, yielding a total capacitance Ctot = (2n − 1)C.
Equation (A2) now applies, with C replaced by Ctot: we
find τn = τRC(2n−1). This means that we needs to con-
strain a1 = −1 and a2 = 2 when fitting f1 and f2. This
ensures that, for n = 1 (for which H/L = 0), we cor-
rectly reproduce τn = τRC . Fitting to f1 and f2-data at
n = 250 [Fig. A4(a)], we find b1 = −0.91 and b2 = 0.75
[Fig. A4(b)]. Hence, the equivalent-circuit model pre-
dicts that all electrodes relax exponentially at late times
with the same time constant
τn
τRC
=
(
2 + 0.75
H
L
)
n− 1− 0.91H
L
. (A14)
Figure A5 is similar to Fig. 2(b), but we now show
equivalent circuit predictions for n = 250 instead of
n = 5. Shown also are the function 1−exp(−t/τn) (blue)
and the scaled total surface charge Σ(t)/Σeq (red), with
Σ(t) = σ1(t) + σ2(t) + ...+ σn(t) and Σeq = Σ(t/τRC →
∞). Even though Σ(t) harbors n decaying exponential
modes [related to all eigenvalues λi, see Eqs. (A12) and
(A13)], we see that the total surface charge is approxi-
mated well by a single exponential decay with the longest
relaxation time τn. In other words, the stack electrode
model suggests that τn gives a good estimate for the re-
laxation of the combined charge on all n electrodes.
4. Relation to transmission line model
The circuit shown in Fig. A3 differs from the trans-
mission line model in one place: the capacitance of the
n-th electrode is C instead of 2C. Tracing back the steps
of the derivation in the previous subsection, we find that
for the transmission line model, Eqs. (A7c) and (A10c)
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Figure A5. Time dependence of the scaled surface charge
densities σi(t) for i ∈ {1, 50, 150, 200, 250} for H/L = 1, and
n = 250, as predicted by the equivalent circuit model. The
colormap goes from red purple (i = 1) to light green (i = n).
Shown also are the normalized total surface charge Σ(t)/Σeq
(dash black) and the function 1− exp(−t/τn) (blue).
obtain a factor 2 and 1/2, respectively. This yields the
same differential equation X˙ = Y −MX where M is now
given by
M =
1
2R′C

1 +
H
L(n− 1) −1
−1 2 −1
−1 . . . . . .
. . .
. . . −1
−1 2 −1
−1 1

(A15)
With the same methods as before, one could determine
the late-time relaxation timescale, whose H/L→ 0 limit
now reads τn = 2nτRC because Ctot = 2C in this case.
Appendix B: Additional numerical PNP data
In the main text we presented numerical results for
the PNP equation (3) and its initial and boundary con-
ditions [Eqs. (1) and (2)] for H/L = 1 and several Φ, n,
κL. In this section we present additional data for other
parameters to reinforce some of the main conclusions of
our analysis.
First, we discussed the case Φ = 0.001, κL = 100,
H/L = 1, and n = 5. For the same parameters ex-
cept n = {3, 6, 11}, in Fig. B1 we present PNP data
for the outer-electrode unit surface charge density σn(t).
Here, time is scaled either by τRC [Fig. B1(a)] or by τn
[Fig. B1(b)]. The data collapse that we observe in the
latter case again shows the value of the equivalent circuit
model in describing the small-Φ relaxation of our setup.
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Figure B1. The surface charge density σn(t) for outer-
electrode from the numerical calculation of Eqs. (1), (3),
and (3) for Φ = 0.001, κL = 100, H/L = 1 and different
n. We scale time by either by τRC (a) or by τn (b). The
dashed line is the function σ(t)/σeq = 1− exp[−t/τn].
Second, in Fig. 3 we studied the influence of Φ and
n on our setup through two parameter sets: Φ =
{0.01, 0.1, 1, 2}, κL = 100, H/L = 1, and n = 1; and
Φ = 2, κL = 100, H/L = 1, and n = {2, 3, 6}. We now
use Φ = 2, κL = {25, 50, 100}, H/L = 0, and n = 1 to
study the influence of κL. We show 1−σ(t)/σeq with time
scaled either by τRC [Fig. B2(a)] or by L
2/D [Fig. B2(b)].
In the first case, 1− σ(t)/σeq collapses at early times for
the different κL. This reinforces our finding of Fig. 3(e)
where we found a similar early-time collapse for different
Φ, from which we concluded that the early-time relax-
ation of 1 − σ(t)/σeq is described well by the equivalent
circuit model. In the same figure [Fig. 3(e)] we saw that
1−σ(t)/σeq relaxes on two timescales. We further inves-
tigate the second, slower timescale in Fig. B2(b), where
time is scaled by L2/D. We see there that 1 − σ(t)/σeq
relaxes at late times with the same time scale for the dif-
ferent κL. To characterize both the early- and late-time
response, we define a time-dependent function τ(t),
τ(t) = −
[
d ln(1− σ(t)/σeq)
dt
]−1
(B1)
that, for a purely exponential charge buildup σ(t) =
σeq[1 − exp(−t/τ?)] yields τ(t) = τ?. Figure B2(c)
presents τ(t) for the same parameters as used in
Fig. B1(a) and (b). At early times (t/τRC < 1), τ(t) =
τRC , while at late times (t/τRC > 1), τ(t) shoots up to
different plateaus τad for different κL. In Fig. B2(d) we
plot τad against κL for Φ = 1 and Φ = 2 and find a lin-
ear relation τad/τRC = 0.1κL, hence τad = 0.1L
2/D (if
n = 1).
Third, as mentioned above, we discussed the case
Φ = 2, κL = 100, H/L = 1, and n = {2, 3, 6}. Here,
we present additional data for the same Φ, κL, and H/L
for n = {2, 3, 6, 11, 21}. Notably, these values correspond
to κh = {100, 50, 20, 10, 5}, which means that we probe
the behavior of the stack-electrode model for both non-
overlapping and overlapping EDLs. In Fig. B3(a) we see
that 1 − σ(t)/σeq relaxes at late times with the same
time scale for the n = {2, 3, 6}, while for n = 11 and
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Figure B2. (a), (b), and (c) Charging dynamics of the stack-
electrode model at Φ = 1, κL = {25, 50, 100}, H/L = 0 and
n = 1. We show 1− σ(t)/σeq with time scaled either by τRC
(a) or by L2/D (b). (c) The time scale τ(t) [Eq. (B1)]. (d)
The equilibrium relaxation time scale τad as function of κL
for Φ = 1 and 2, n = 1 and H/L = 0.
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Figure B3. (a), (b), and (c) Charging dynamics of the stack-
electrode model at Φ = 2, κL = 100, H/L = 1, and n =
{2, 3, 6, 11, 21}. (a) The charging relaxation 1− σ(t)/σeq and
(b) the concentration decay (c(t) − ceq)/(c(0) − ceq). In (c)
we plot the same data as in (a), but with time scaled by τn
instead of by τRC . (d) The τ(t) [Eq. (B1)] for n = {2, 3, 6}
and Φ, κL, and H/L as in (a), (b), and (c).
n = 21 (corresponding to κh = 10 and κh = 5) it relaxes
slower, arguably because EDLs overlap. The same con-
clusions hold for (c(t) − ceq)/(c(0) − ceq), which we plot
in Fig. B3(b). In Fig. B3(c) we plot the same data as in
Fig. B3(a), but with time scaled by τn instead of by τRC .
We see there that 1−σ(t)/σeq collapses at early times for
10
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Figure C1. (a) Experimental data of Ref. [25] (dots)
for the current relaxation of porous electrodes sub-
ject to a suddenly imposed potential Ψ = 0.3V.
(b) The total surface charge Q, found by integrat-
ing the data from (a). The dash line is a fit by
eye: Q = {1.8[1− exp(−t/200)] + 0.1[1− exp(−t/9000)]} C,
whose two time constants were inspired by the dotted and
dash-dotted lines in (a).
all n considered, which again confirms the early-time τn
scaling. For completeness, in Fig. B3(d), we again eval-
uated τ(t) as defined in Eq. (B1): similar to the n = 1
case, two plateaus appear.
Appendix C: Comparison to experimental surface
charge build up
In the main text, we determined τn and τad for parame-
ters corresponding to the experimental setup of Ref. [25].
Here, We reanalyze data of that paper for the decay-
ing electric current I(t) caused by an applied potential
Ψ = 0.3. Repeated measurements were performed at dif-
ferent ρb: twice at ρb = {0.001, 0.01, 0.1} M and four
times at ρb = 1 M. Figure C1(a) shows the average cur-
rents I(t) of those measurements for each ρb. Dotted and
dash-dotted lines in Fig. C1(a) show two exponential de-
cays with time constants τ1 = 200 s and τ2 = 9000 s.
With these lines one sees for ρb = 1 M that I(t) de-
cays exponentially at late times, while at early times
its behavior is more complicated. Figure C1(b) shows
Q(t) =
∫ t
0
I(t), determined numerically by integrating
an interpolation through the data of figure Fig. C1(a).
Also shown with a dashed line is the function Q(t) =
{1.8[1− exp(−t/τ1)] + 0.1[1− exp(−t/τ2)]} C, where the
numerical prefactors were fixed by eye. This dashed line
describes Q(t) properly after t ≈ 3000 s, underestimat-
ing Q(t) at earlier times. We saw in Fig. A5 that the
stack electrode model displays a similar feature: at in-
termediate times, the total surface charge Σ(t) is larger
than 1 − exp(−t/τn). The difference between these two
observables, however, is much smaller in the stack elec-
trode model than in the experiments. Hence, our stack
electrode model does not yet fully explain the experimen-
tal data of Ref. [25]. Still, comparing the fitted time con-
stants τ1 = 200 s and τ2 = 9000 s to τn = 2.9×102 s and
τad = 4.8× 102 s as stated in the main text, respectively,
we see that our model predicts both timescales within
approximately one order of magnitude. Even though we
seem to predict τ1 better than τ2, using a smaller diffu-
sion constant D = 2× 10−10 m2 s−1, to account for slow
diffusion in pores [31, 39], leads to τn = 2.3 × 103 s and
τad = 3.6 × 103 s and predictions for τ2 are better than
for τ1.
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